Rules for integrands of the form (a + b Tanh[c + d x"])?

1: JXa+bTmm[c+dxﬂ)pdxwhm1§eZ*ApeZ

Derivation: Integration by substitution

Basis:If —-1<n<1 A n+#0,thenrx = %Subst[x:_'lF[x], X, X1 B,x"
Note: If % € Z",resulting integrand is not integrable.

Rule:If £ € z* A p e z,then

1
J(a+bTanh[c +dx"])Pdx — —Subst[‘J\xé'1 (a+bTanh[c +dx])Pdx, X, Xn]
n

Program code:

Int[(a_.+b_.xTanh[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=
1/n*Subst [Int[x" (1/n-1) * (a+bxTanh[c+dxXx]) *p,Xx],X,X*n] /;
FreeQ[{a,b,c,d,p},x] & & IGtQ[1/n,0] && IntegerQ[p]

Int[(a_.+b_.xCoth[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=
1/n*Subst [Int[x" (1/n-1) % (a+bxCoth[c+dxXx]) *p,Xx],X,x*n] /;
FreeQ[{a,b,c,d,p},x] & & IGtQ[1/n,0] && IntegerQ[p]



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

X: J(a+bTanh[c+dx"])pdx

Rule:

j(a+bTanh[c+dx"])pdx — J.(a+bTanh[c+dx"])pd1x

Program code:

Int[(a_.+b_.xTanh[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=
Integral[ (a+b*Tanh[c+d*x*n])*p,x] /;

FreeQ[{a,b,c,d,n,p},x]

Int[(a_.+b_.xCoth[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=

Integral[ (a+bxCoth[c+d*x*n])*p,x] /;
FreeQ[{a,b,c,d,n,p},x]

S: J‘(a+bTanh[c+du"])"dlx when u == e + fx

Derivation: Integration by substitution
Rule: If u == e + f x, then

J(a+bTanh[c+du"])pdlx — %Subst[‘[(a+bTanh[c+dx"])pdlx, X, u]

Program code:

Int[(a_.+b_.*Tanh[c_.+d_.*u_"n_])"p_.,x_Symbol] :=
1/Coe+'ficient [u,X,1] *Subst [Int[ (a+bxTanh[c+d*x"n])*p,Xx],X,u] /;
FreeQ[{a,b,c,d,n,p},x] && LinearQ[u,x] && NeQ[u,Xx]



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

Int[(a_.+b_.xCoth[c_.+d_.*u_"n_])"p_.,x_Symbol] :=
1/Coefficient[u,x,1]*Subst[Int[(a+b*Coth[c+d*xAn])Ap,x],x,u] /5
FreeQ[{a,b,c,d,n,p},x] & LinearQ[u,x] && NeQ[u,Xx]

N:J}a+bTmm[M)pdxwhm1u=c+dx"

Derivation: Algebraic normalization
Rule: If u = c + d x", then

J(a+bTanh[u])pdx — J(a+bTanh[c+dx"])pd1x

Program code:

Int[(a_.+b_.xTanh[u_])”"p_.,x_Symbol] :=
Int[ (a+b*xTanh [ExpandToSum[u,x]])*p,x] /;
FreeQ[{a,b,p},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,x] ]

Int[(a_.+b_.xCoth[u_])”"p_.,x_Symbol] :=
Int[ (a+bxCoth[ExpandToSum[u,x]])*p,X] /;
FreeQ[{a,b,p},x] & BinomialQ[u,x] & Not[BinomialMatchQ[u,x] ]



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

Rules for integrands of the form (ex)™ (a + bTanh[c + dx"])P

1. jx'" (a+bTanh[c+dx"])"dx

1: Jx’“ (a+bTanh[c+dx"])Pax when’"n;lez"/\ pez

Derivation: Integration by substitution

Basis: If m+1 e Z,then x» F[x"] == L Subst x$'1 F[x], X, X"| 8yx"
n ’ n

Note: If % € Z",resulting integrand is not integrable.
Rule: If ™% € Z* A p € Z, then

J-xm (a+bTanh[c+dx"])Pdx — lSubst[j o (a+bTanh[c +dx])Pdx, X, x"]
n

Program code:

Int[x_"m_.x(a_.+b_.xTanh[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=
1/n%Subst [Int[x" (Simplify[ (m+1) /n]-1)* (a+bxTanh[c+dxx])"p,x],x,xn] /;
FreeQ[{a,b,c,d,m,n,p},x] & IGtQ[Simplify[(m+1)/n],0] & IntegerQ[p]

Int[x_"m_.x(a_.+b_.xCoth[c_.+d_.*x_“n_])”"p_.,x_Symbol] :=
1/n+Subst[Int[x (Simplify[ (m+1)/n]-1)« (a+bxCoth[c+d+x]) p,x],x,x*n] /;
FreeQ[{a,b,c,d,m,n,p},x] & IGtQ[Simplify[(m+1)/n],0] & IntegerQ[p]

2: [ x" Tanh[c +d x"]2 dx

Note: Although this rule reduces the degree of the tangent factor, the resulting integral is not integrable unless

mel o o7
n

Rule:



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

5 xm-n+1 Tanh[c+dx“] m-n+1
J.meanh[c+dx"] dx — - +Jx’"d]x— —jx’"‘" Tanh[c+dx"] dx
dn dn

Program code:

Int[x_"m_.*Tanh[c_.+d_.*x_"n_]"2,x_Symbol] :=

-x" (m-n+1) *Tanh[c+d*x”*n]/ (d*n) + Int[x*m,x] + (m-n+1)/(d*n)*Int[x*(m-n)*Tanh[c+d*x"n],x] /;
FreeQ[{c,d,m,n},Xx]
Int[x_”m_.xCoth[c_.+d_.*x_"n_]"2,x_Symbol] :=

-x" (m-n+1) *xCoth[c+d*x”*n]/ (d*n) + Int[x*m,x] + (m-n+1)/(d*n)*Int[x”*(m-n)*Coth[c+d*x"n],x] /;
FreeQ[{c,d,m,n},Xx]

X: Jxm (a+bTanh[c+dx"])pdlx

Rule:

Jxm (a+bTanh[c+dx"])pd1x — J.x"' (a+bTanh[c+dx"])pd1x

Program code:

Int[x_"m_.*(a_.+b_.*Tanh[c_.+d_.*x_"n_])”"p_.,x_Symbol]
Integral [x"m* (a+bxTanh[c+d*x*n]) " p,x] /;
FreeQ[{a,b,c,d,m,n,p},x]

Int[x_"m_.*(a_.+b_.xCoth[c_.+d_.*x_"n_])"p_.,x_Symbol]
Integral [x*m* (a+bxCoth[c+d*x”*n]) " p,x] /;
FreeQ[{a,b,c,d,m,n,p},x]



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

2: J(ex)"‘ (a+bTanh[c+dx"])" dx

Derivation: Piecewise constant extraction
Basis: a, 1—>— =0

Rule:

eIntPar‘t [m] (e X) FracPart[m]

j(ex)"‘ (a+bTanh[c+dx"])Pdx — J.x’" (a+bTanh[c+dx"])P dx

XFr'acPar‘t[m]

Program code:

Int[(e_*x_)"m_.x(a_.+b_.xTanh[c_.+d_.*x_"n_]1)"p_.,x_Symbol] :=
e~rIntPart[m] * (exx) ~*FracPart[m] /x*FracPart [m] *Int [x*m* (a+bxTanh[c+d*x*n])*p,Xx] /;
FreeQ[{a,b,c,d,e,m,n,p},x]

Int[(e_»x_)"m_.x(a_.+b_.xCoth[c_.+d_.*x_"n_])"p_.,x_Symbol] :=
e~rIntPart[m] * (exx) ~FracPart[m] /x*FracPart [m] *Int [x*m* (a+bxCoth[c+d*x*n])*p,Xx] /;
FreeQ[{a,b,c,d,e,m,n,p},x]



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

N:J}emmw+bTmhwndeWMnu=c+dﬂ

Derivation: Algebraic normalization

Rule: If u = c + d x", then

J(ex)’" (a+bTanh[u])Pdx — J(ex)’" (a+bTanh[c+dx"])?dx

Program code:

Int[(e_*x_)"m_.*(a_.+b_.xTanh[u_])”"p_.,x_Symbol] :=
Int[ (exx)~“mx (a+b*xTanh [ExpandToSum[u,x]]) *p,x] /;
FreeQ[{a,b,e,m,p},x] & BinomialQ[u,x] && Not[BinomialMatchQ[u,Xx] ]

Int[(e_*x_)"m_.x(a_.+b_.xCoth[u_])”"p_.,x_Symbol] :=
Int[ (e*x) m% (a+bxCoth[ExpandToSum[u,x]])"p,x] /;
FreeQ[{a,b,e,m,p},x] && BinomialQ[u,x] && Not[BinomialMatchQ[u,x] ]



Rules for integrands of the form (e x)~m (a+b tanh(c+d x~n))"p

Rules for integrands of the form x™ Sech[a + b x"]P Tanh[a + b x"]

1: J-x'"Sech[a+bx"]'°Tanh[a+bx"] dx whenneZ Am-nz0

Derivation: Integration by parts
Note: Dummy exponent q = 1 required in program code so InputForm of integrand is recognized.

Rule:lf nez A m-n = 0, then

xM-n+l Sech[a+bx"]p m-n+1
+

Jx“‘ Sech [a + bx"]p Tanh[a + bx"] dx — - jx'“'“ Sech[a +b x"]p dx

bnp bnp

Program code:

Int[x_"m_.xSech[a_.+b_.*x_"n_.]1”p_.xTanh[a_.+b_.*x_"n_.]"q_.,x_Symbol] :=
-X~(m-n+1) *Sech[a+bxx*n]”p/ (bxnxp) +
(m-n+1) / (bxnxp) *Int [x" (m-n) xSech[a+bxx*n]p,Xx] /;

FreeQ[{a,b,p},x] & & RationalQ[m] && IntegerQ[n] && GeQ[m-n,0@] && EqQ[q,1]

Int[x_~m_.xCsch[a_.+b_.*x_"n_.]17p_.xCoth[a_.+b_.*x_”n_.]"q_.,x_Symbol] :=
-X" (m-n+1) *xCsch[a+b*x*n]~p/ (bxnxp) +
(m-n+1) / (bxnxp) *Int [x* (m-n) *xCsch[a+bxx*n]”*p,x] /;

FreeQ[{a,b,p},x] & & RationalQ[m] && IntegerQ[n] && GeQ[m-n,0@] && EqQ[q,1]



